
Çizge verilerinde frekans analizi ve spektral 
gösterimlere dayalı yapay öğrenme

Elif Vural 
Orta Doğu Teknik Üniversitesi 

Elektrik-Elektronik Mühendisliği Bölümü

1

Bilim Akademisi Yapay Öğrenme Yaz Okulu, 2021

Frequency analysis and spectral machine learning 
methods on graphs



Graph Models in Machine Learning

• In many modern applications, data is acquired on 
an irregular network topology.
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https://www.semanticscholar.org/paper/Variational-Graph-Auto-Encoders-Kipf-Welling/

Sensor networks
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Social networks

•  Graphs models offer the ability to analyze complex 
interactions over network structures.



Inference Problems on Graphs

Estimation/Inpainting of graph signals
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matrisi graf Fourier baz vektörlerinden oluşan bir matristir.  Bu durumda graf Fourier dönüşüm işlemi  

                                                                                   (6) 

şeklinde bir matris çarpımı olarak yazılabilir. Burada  vektörü  graf sinyalinin graf Fourier katsayılarından 
oluşmaktadır. Graf sinyalinin ters graf Fourier dönüşümü ile yeniden sentezlenmesi ise 
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işlemiyle gerçekleşir (Shuman vd., 2013). 

Klasik sinyal işlemede bir sinyali filtrelemek için sinyal ile filtrenin zamanda konvolüsyonu hesaplanır. Filtre çıktısındaki 
sinyalin Fourier dönüşümü filtrenin ve filtreye giren sinyalin Fourier dönüşümlerinin çarpımına eşittir. Grafların düzensiz 
yapıda oluşu graf sinyallerinin filtrelenmesinin nodlar üzerinde tanımlanmasını zorlaştırmaktadır. Bu yüzden graf 
sinyallerinin filtrelenmesi frekans uzayında tanımlanır. Klasik sinyal işlemede olduğu gibi, bir graf sinyalinin filtrelenmesi, 
frekans uzayında graf filtresinin ve sinyalin Fourier dönüşümlerinin çarpımı ile elde edilir. Bir graf filtresi sürekli bir 
fonksiyon olan bir  kerneli aracılığıyla g(l) formunda ifade edilir. Bu durumda bir x graf sinyalinin filtrelenmesi 
frekans uzayında  

                                                                        (8) 

olarak gösterilir. Burada  filtrelenecek sinyalin,  ise filtre çıktısındaki sinyalin graf Fourier dönüşümlerini;   de 
uygulanan filtrenin lk graf frekansındaki tepkisini ifade etmektedir. Bu eşitlik ters graf Fourier dönüşümü ile graf nod 
uzayına çevrilerek   şeklinde yazılabilir. Burada   matrisi köşegeni boyunca  
değerlerini içeren köşegen bir matristir (Shuman vd., 2013). Örnek bir graf sinyalinin filtrelenmesi Şekil 3’te 
gösterilmiştir. Filtreye girdi olarak verilen x sinyalinin graf üzerinde yüksek bir hızla değişim gösterdiği gözlenmektedir.  
Kullanılan filtrenin frekans tepkisi  graf frekansı  arttıkça düşmektedir, dolayısıyla  alçak geçirgen (low-pass) 
bir filtredir. Filtre çıktısında görülen y sinyalinin graf üzerinde x’e göre çok daha yavaş bir hızda değiştiği, dolayısıyla 
ağırlıklı olarak düşük frekans bileşenlerinden oluşan bir graf sinyali olduğu gözlemlenebilir, ki bu durum filtrenin alçak 
geçirgen yapısıyla uyumludur.  

             

Şekil 3. Graflar üzerinde filtreleme işlemi. x graf sinyali   filtresi ile filtrelenerek y graf sinyali elde edilmektedir. 

 
1.1.2 Graflarda frekans analizinin zamanda değişen graf sinyallerine uyarlanması 

Hem nodlarda hem de zamanda değişen graf sinyallerinin nod-zaman bileşik frekans analizinin yapılabilmesi için 
öncelikle bileşik Fourier dönüşümü tanımlanmalıdır. N noddan oluşan bir graf üzerinde, zamanda değişim gösteren ve T 
farklı zaman anında gözlemlenmiş bir graf sinyali 

                                                                   (9) 

matrisi ile ifade edilebilir. X matrisinin her bir xt sütunu bir t anında ölçülmüş N boyutlu bir graf sinyalidir.  X matrisinin her 
bir satırı ise sabit bir nod üzerinde farklı zaman anlarında ölçülmüş olan bir zaman sinyalidir. X nod-zaman graf 
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Outline

• Brief introduction to Spectral Graph Theory  

• Extending common tools to graph domains: 
‣ Frequency analysis 

‣ Filtering 

‣ Frames, dictionaries, sparse representations 

‣ Neural networks 

‣ ….
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Spectral Graph Theory: A Brief Overview

•                          : Weighted graph

5

G = (V, E ,W ) x1

xN

xi xj
wij

•                    :  A graph signal,   f : V ! R f 2 RN



Weight matrix

6

Graph Laplacian

W =

2

666664

0 w12 . . . 0 0
w21 0 . . . 0 w2N
...

...
wi1 0 . . . wij 0
0 wN2 0 . . . 0

3

777775

Degree matrix 

Dii =
X

j

Wij

Graph Laplacian 

L = D �W

• L defines an operator  

on graph signals: 
Lf =

2

666664

d11 �w12 . . . 0 0
�w21 d22 . . . 0 �w2N

...
...

�wi1 0 . . . 0
0 �wN2 0 . . . dNN

3

777775

2

6664

f(x1)
f(x2)

...
f(xN )

3

7775

(Lf)(xi) = diif(xi)�
X

xj2N (xi)

Wijf(xj)



Graph Laplacian vs. Laplacian operator

• Compare to the 2nd derivative kernel:   [-1  2  -1]

7

(Lf)(xi) = diif(xi)�
X

xj2N (xi)

Wijf(xj)

Graph signal f

f(xi)
f(xj)

Apply Laplacian operator L

Lf(xi)

Output signal Lf

• … or the general Laplacian operator �f = div(rf)

�f(x) =
@2f

@x2 �f(x, y) =
@2f

@x2
+

@2f

@y2



Frequency Analysis via Graph Laplacian

• In fact, Lf is indeed the graph equivalent of  

8

�f

M As              , N !1 Lf ! �Mf

[Hein ’05, Singer ‘06]             

• Why is the Laplacian important for frequency analysis?

• Check the eigenfunctions of the Laplacian: �f = �f

• The eigenfunctions of          are complex exponentials �f

f(t) = ej⌦t ��(ej⌦t) = ⌦2ej⌦t



Fourier Bases on Graphs

• The “complex exponentials” in the graph domain 
are the eigenvectors of L:   [Shuman, 2013]

9

Luk = �kuk k = 1, . . . , Nfor

• Compare: 

��(ej⌦t) = ⌦2ej⌦t Luk = �kuk

frequency frequency

• As       increases,        varies more rapidly on the graph.�k uk
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1.1.1 Graf sinyallerinin frekans analizindeki temel kavramlar 

V={v1, v2, …, vN} bir nod kümesi, E de nodları birbirlerine bağlayan bir kenar kümesi olacak şekilde, bu nod ve 
kenarlardan oluşan bir  grafı düşünelim. Burada W ağırlık matrisi kenar ağırlıklarından oluşan simetrik bir 
matris olup, matrisin her bir Wij elemanı vi ve vj graf nodlarının birbirleriyle ne kadar güçlü bağlandığını ifade etmektedir. 
Ağırlıklar vi ve vj nodları arasında kenar varsa Wij >0 olurken, kenar yoksa Wij =0 değerini alır. Bir vi  nodunun derecesi bu 
noda bağlı kenarların toplam ağırlığıdır. Köşegen elemanları Dii ’lerde nod dereceleri  

                                                                                   (1) 

değerlerini barındıran köşegen (diagonal) D matrisine derece matrisi denmektedir. Zaman boyutu olmayan, sadece 
nodlar üzerinde değişen bir x graf sinyali, her bir nodda reel bir değer alan, dolayısıyla nodlar kümesini reel sayılara 
eşleyen bir fonksiyon olarak görülebilir. Bu bakımdan, N nodlu bir graf üzerindeki bir graf sinyalini 

şeklinde bir vektör olarak göstermek mümkündür. Vektörün her bir xi elemanı sinyalin vi 
nodunda aldığı değeri göstermektedir. Ağırlık ve derece matrisleri üzerinden 

                                                                                                      (2) 

olarak tanımlanan  matrisine graf Laplacian matrisi denmektedir. Graf Laplacian matrisi Fourier dönüşümü ve 
filtreleme gibi kavramların graflara genellenmesine izin verdiğinden Graflar Üzerinde Sinyal İşleme konusu için oldukça 
önemlidir (Shuman vd., 2013).  matrisi simetrik ve reel olduğu için  

                                                                                                         (3) 

eşitliğini sağlayan  {u1, u2, …, uN} özvektörleri  için ortonormal bir baz oluşturmaktadır.  matrisinin özvektörlerinin 
oluşturduğu baz klasik sinyal işlemedeki Fourier bazının graflara uyarlaması olarak görülmektedir. Aynı şekilde  
matrisinin özdeğerleri {l1, l2, …, lN} ise kendilerine karşılık gelen özvektörlerin frekansı ile ilişkilidir. Bunun nedeni 
kısaca şöyle açıklanabilir: Klasik sinyal işlemede Fourier bazı, fonksiyonlar üzerinde tanımlı Laplace operatörünün 
özvektörleri olan kompleks eksponansiyel fonksiyonlardan oluşmaktadır. Bununla birlikte Laplace operatörünün 
graflardaki karşılığının graf Laplacian matrisi olduğunu ispatlayan çeşitli çalışmalar vardır (Hein, 2005; Singer, 2006). Bu 
nedenle graf Laplacian matrisi  ’nin özvektörleri graf üzerinde tanımlı bir Fourier bazı oluşturmaktadır. Graflarda 
Fourier analizi konusunda daha detaylı bilgilere (Shuman vd., 2013;  Chung, 1997; Hein ve vonLuxburg, 2005; Singer, 
2006) kaynaklarından erişilebilir. Örnek bir graf üzerindeki Fourier baz vektörleri uk  ve bunların frekanslarına denk gelen 
lk özdeğerleri Şekil 2’de gösterilmiştir. Her bir uk Fourier baz vektörü bir graf sinyali olarak graf üzerinde çizdirilmiştir. En 
düşük frekans olan l1=0 ‘a denk gelen u1 Fourier vektörü aynı klasik sinyal işlemede olduğu gibi graf üzerinde sabit bir 
fonksiyondur. lk frekans değerleri arttıkça uk Fourier baz vektörlerinin de graf üzerinde giderek artan bir hızda 
değiştikleri, klasik sinyal işlemede olduğu gibi osilasyon benzeri bir davranış gösterdikleri gözlemlenebilmektedir.  

 

Şekil 2. Örnek bir graf üzerindeki Fourier baz vektörleri (uk) ve kendilerine karşılık gelen frekanslar (lk). 

Fourier baz vektörlerinin bu şekilde elde edilmesiyle, bir x graf sinyalinin graf Fourier dönüşümü (GFT) 

                                                                   (4) 

olarak tanımlanmaktadır. Burada  terimi, x sinyalinin lk frekansına denk gelen k-inci Fourier katsayısını ifade 
etmekte olup, bu katsayı x sinyali ile uk Fourier baz vektörünün iç çarpımı ile elde edilmektedir. Graf Laplacian matrisinin 
özdeğer dekomposizyonu  ifadesinde   
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1.1.1 Graf sinyallerinin frekans analizindeki temel kavramlar 

V={v1, v2, …, vN} bir nod kümesi, E de nodları birbirlerine bağlayan bir kenar kümesi olacak şekilde, bu nod ve 
kenarlardan oluşan bir  grafı düşünelim. Burada W ağırlık matrisi kenar ağırlıklarından oluşan simetrik bir 
matris olup, matrisin her bir Wij elemanı vi ve vj graf nodlarının birbirleriyle ne kadar güçlü bağlandığını ifade etmektedir. 
Ağırlıklar vi ve vj nodları arasında kenar varsa Wij >0 olurken, kenar yoksa Wij =0 değerini alır. Bir vi  nodunun derecesi bu 
noda bağlı kenarların toplam ağırlığıdır. Köşegen elemanları Dii ’lerde nod dereceleri  

                                                                                   (1) 

değerlerini barındıran köşegen (diagonal) D matrisine derece matrisi denmektedir. Zaman boyutu olmayan, sadece 
nodlar üzerinde değişen bir x graf sinyali, her bir nodda reel bir değer alan, dolayısıyla nodlar kümesini reel sayılara 
eşleyen bir fonksiyon olarak görülebilir. Bu bakımdan, N nodlu bir graf üzerindeki bir graf sinyalini 

şeklinde bir vektör olarak göstermek mümkündür. Vektörün her bir xi elemanı sinyalin vi 
nodunda aldığı değeri göstermektedir. Ağırlık ve derece matrisleri üzerinden 
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olarak tanımlanan  matrisine graf Laplacian matrisi denmektedir. Graf Laplacian matrisi Fourier dönüşümü ve 
filtreleme gibi kavramların graflara genellenmesine izin verdiğinden Graflar Üzerinde Sinyal İşleme konusu için oldukça 
önemlidir (Shuman vd., 2013).  matrisi simetrik ve reel olduğu için  
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Şekil 2. Örnek bir graf üzerindeki Fourier baz vektörleri (uk) ve kendilerine karşılık gelen frekanslar (lk). 
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Graph Fourier Transform (GFT)
Classical Signal Processing Graph Signal Processing

•  Complex exponentials

ej⌦t
•  Lap. eigenvectors Luk = �kuk

uk

• Inverse Fourier Transform

f =
NX

k=1

f̂(�k)uk = Uf̂

• Inverse Graph Fourier Transform

f =
1
2⇡

Z 1

�1
f̂(⌦)ej⌦td⌦

• Fourier Transform

f̂(⌦) = hf, ej⌦ti =
Z 1

�1
f(t)e�j⌦tdt

• Graph Fourier Transform

f̂(�k) = hf, uki =
NX

i=1

f(xi)uk(xi)

f̂ = UT f

U = [u1 u2 · · · uN ] :    Fourier basis

  :      GFT of  f
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Filtering on Graphs 

• Classical signal processing:  
‣ Filtering = Convolution

• Graph signal processing: Irregular topologies! 
‣ Hard to define convolution in vertex domain… 
‣ Define filtering operation in spectral domain 
‣ Filtering: Multiplication in spectral domain

12



Graph Filter Kernels
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• Graph kernels in spectral domain 

Lowpass kernel Bandpass kernel
� : frequency variable

• How to generate these kernels in the vertex domain?

: Matrix functiong(L)g(�) : Scalar function

2

6664

g(�1)
g(�2)

. . .
g(�N )

3

7775

2

6664

�1

�2

. . .
�N

3

7775

L = U ⇤ UT g(L) = U g(⇤) UT



Localizing kernels on graph nodes

• The matrix                                  localizes the kernel      
on the graph nodes:

14

g(L) = U g(⇤) UT g(�)

g(L) =

2

664

· · · ·
· · · ·
· · · ·
· · · ·

3

775g(�)

Lowpass kernel

Dm

j
= Umĝj(⇤m)(Um)T 2 RNm⇥Nm where Lm = Um⇤m(Um)T .

The different columns (atoms) of a subdictionary represent the signals obtained by

localizing the graph kernel at different nodes; e.g., the nth column of the subdictionary

represents a graph kernel localized at node n. In Figure 3.1, a low-pass (lp) graph

kernel is localized on different graph nodes.

(a) ĝlp(L)�n1 (b) ĝlp(L)�n2

(c) ĝlp(L)�n3

Figure 3.1: Three atoms of a subdictionary are illustrated. These atoms are generated

from the same low-pass graph kernel by localizing it on different graph nodes. The

graph nodes are shown with black boxes.

A structured dictionary is a concatenation of J subdictionaries:

Dm =
h
Dm

1 Dm

2 · · · Dm

J

i

31

“Lowpass” graph signal 
localized at node 1

Dm

j
= Umĝj(⇤m)(Um)T 2 RNm⇥Nm where Lm = Um⇤m(Um)T .

The different columns (atoms) of a subdictionary represent the signals obtained by

localizing the graph kernel at different nodes; e.g., the nth column of the subdictionary

represents a graph kernel localized at node n. In Figure 3.1, a low-pass (lp) graph

kernel is localized on different graph nodes.

(a) ĝlp(L)�n1 (b) ĝlp(L)�n2

(c) ĝlp(L)�n3

Figure 3.1: Three atoms of a subdictionary are illustrated. These atoms are generated

from the same low-pass graph kernel by localizing it on different graph nodes. The

graph nodes are shown with black boxes.

A structured dictionary is a concatenation of J subdictionaries:

Dm =
h
Dm

1 Dm

2 · · · Dm

J

i

31

“Lowpass” graph signal 
localized at node 3



Effect of the choice of graph kernel
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Low freq. 

High freq. 



Back to the filtering problem …

16

• Consider the filtering problem:

g(�)Input graph signal 
x

Output graph signal 
y

Filter kernel

Multiply in spectral domain

ŷ = g(⇤)x̂

ŷ

GFT

x̂

x̂ = UT x IGFTy = U ŷ



Example: Low-pass filtering a graph signal

17

g(�)Input graph signal 
x

Output graph signal 
y

Filter kernel
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matrisi graf Fourier baz vektörlerinden oluşan bir matristir.  Bu durumda graf Fourier dönüşüm işlemi  

                                                                                   (6) 

şeklinde bir matris çarpımı olarak yazılabilir. Burada  vektörü  graf sinyalinin graf Fourier katsayılarından 
oluşmaktadır. Graf sinyalinin ters graf Fourier dönüşümü ile yeniden sentezlenmesi ise 

                                                                                    (7) 

işlemiyle gerçekleşir (Shuman vd., 2013). 

Klasik sinyal işlemede bir sinyali filtrelemek için sinyal ile filtrenin zamanda konvolüsyonu hesaplanır. Filtre çıktısındaki 
sinyalin Fourier dönüşümü filtrenin ve filtreye giren sinyalin Fourier dönüşümlerinin çarpımına eşittir. Grafların düzensiz 
yapıda oluşu graf sinyallerinin filtrelenmesinin nodlar üzerinde tanımlanmasını zorlaştırmaktadır. Bu yüzden graf 
sinyallerinin filtrelenmesi frekans uzayında tanımlanır. Klasik sinyal işlemede olduğu gibi, bir graf sinyalinin filtrelenmesi, 
frekans uzayında graf filtresinin ve sinyalin Fourier dönüşümlerinin çarpımı ile elde edilir. Bir graf filtresi sürekli bir 
fonksiyon olan bir  kerneli aracılığıyla g(l) formunda ifade edilir. Bu durumda bir x graf sinyalinin filtrelenmesi 
frekans uzayında  

                                                                        (8) 

olarak gösterilir. Burada  filtrelenecek sinyalin,  ise filtre çıktısındaki sinyalin graf Fourier dönüşümlerini;   de 
uygulanan filtrenin lk graf frekansındaki tepkisini ifade etmektedir. Bu eşitlik ters graf Fourier dönüşümü ile graf nod 
uzayına çevrilerek   şeklinde yazılabilir. Burada   matrisi köşegeni boyunca  
değerlerini içeren köşegen bir matristir (Shuman vd., 2013). Örnek bir graf sinyalinin filtrelenmesi Şekil 3’te 
gösterilmiştir. Filtreye girdi olarak verilen x sinyalinin graf üzerinde yüksek bir hızla değişim gösterdiği gözlenmektedir.  
Kullanılan filtrenin frekans tepkisi  graf frekansı  arttıkça düşmektedir, dolayısıyla  alçak geçirgen (low-pass) 
bir filtredir. Filtre çıktısında görülen y sinyalinin graf üzerinde x’e göre çok daha yavaş bir hızda değiştiği, dolayısıyla 
ağırlıklı olarak düşük frekans bileşenlerinden oluşan bir graf sinyali olduğu gözlemlenebilir, ki bu durum filtrenin alçak 
geçirgen yapısıyla uyumludur.  

             

Şekil 3. Graflar üzerinde filtreleme işlemi. x graf sinyali   filtresi ile filtrelenerek y graf sinyali elde edilmektedir. 

 
1.1.2 Graflarda frekans analizinin zamanda değişen graf sinyallerine uyarlanması 

Hem nodlarda hem de zamanda değişen graf sinyallerinin nod-zaman bileşik frekans analizinin yapılabilmesi için 
öncelikle bileşik Fourier dönüşümü tanımlanmalıdır. N noddan oluşan bir graf üzerinde, zamanda değişim gösteren ve T 
farklı zaman anında gözlemlenmiş bir graf sinyali 

                                                                   (9) 

matrisi ile ifade edilebilir. X matrisinin her bir xt sütunu bir t anında ölçülmüş N boyutlu bir graf sinyalidir.  X matrisinin her 
bir satırı ise sabit bir nod üzerinde farklı zaman anlarında ölçülmüş olan bir zaman sinyalidir. X nod-zaman graf 
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Şekil 3. Graflar üzerinde filtreleme işlemi. x graf sinyali   filtresi ile filtrelenerek y graf sinyali elde edilmektedir. 

 
1.1.2 Graflarda frekans analizinin zamanda değişen graf sinyallerine uyarlanması 

Hem nodlarda hem de zamanda değişen graf sinyallerinin nod-zaman bileşik frekans analizinin yapılabilmesi için 
öncelikle bileşik Fourier dönüşümü tanımlanmalıdır. N noddan oluşan bir graf üzerinde, zamanda değişim gösteren ve T 
farklı zaman anında gözlemlenmiş bir graf sinyali 

                                                                   (9) 

matrisi ile ifade edilebilir. X matrisinin her bir xt sütunu bir t anında ölçülmüş N boyutlu bir graf sinyalidir.  X matrisinin her 
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x̂ ŷ g(�k)

y = g(LG)x = UG g(⇤G)UT
G x g(⇤G) g(�k)

g(�) � g(�)

-3 -2 -1 0 1 2 3
-4

-2

0

2

x graf sinyali

-0.6

-0.4

-0.2

0

0.2

0.4

0 1 2 3 4 5 6
0

0.2

0.4

0.6

0.8

1

g(
)

Graf kerneli

-3 -2 -1 0 1 2 3
-4

-2

0

2

y graf sinyali

-0.055

-0.05

-0.045

-0.04

-0.035

g(�)

X =
⇥
x1 x2 · · · xT

⇤
2 RN⇥T



Representations for Graph Signals
• Representations in transform domain: GFT
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y = U ŷ[[ [ [ [[

‣ Predefined frames: Spectral Graph Wavelets [Hammond, 
2011] 

‣ Adaptive representations: Graph Dictionaries [Zhang, 2012], 
[Thanou, 2014], …

[ [ [[[y = D x [
• Representations on overcomplete sets:



• Wavelet design problem is formulated in the 
spectral domain [Hammond, 2011]: 
• Low-pass scaling function:  

• Wavelet-generating kernel: 

• Band-pass wavelet functions:

Spectral Graph Wavelets
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h(�)
g(�)

g(sj�)136 D.K. Hammond et al. / Appl. Comput. Harmon. Anal. 30 (2011) 129–150

Fig. 1. Scaling function h(λ) (blue curve), wavelet generating kernels g(t jλ), and sum of squares G (black curve), for J = 5 scales, λmax = 10, K = 20. Details
in Section 8.1. (For interpretation of colors in this figure, the reader is referred to the web version of this article.)

5.1. Continuous SGWT inverse

In order for a particular transform to be useful for signal processing, and not simply signal analysis, it must be possible
to reconstruct a signal corresponding to a given set of transform coefficients. We will show that the spectral graph wavelet
transform admits an inverse formula analogous to (4) for the continuous wavelet transform.

Intuitively, the wavelet coefficient W f (t,n) provides a measure of “how much of” the wavelet ψt,n is present in the
signal f . This suggests that the original signal may be recovered by summing the wavelets ψt,n multiplied by each wavelet
coefficient W f (t,n). The reconstruction formula below shows that this is indeed the case, subject to a non-constant weight
dt/t .

Lemma 5.1. If the SGWT kernel g satisfies the admissibility condition

∞∫

0

g2(x)
x

dx = C g < ∞ (27)

and g(0) = 0, then

1
C g

N∑

n=1

∞∫

0

W f (t,n)ψt,n(m)
dt
t

= f #(m) (28)

where f # = f − ⟨χ0, f ⟩χ0 . In particular, the complete reconstruction is then given by f = f # + f̂ (0)χ0 .

Proof. Using (24) and (26) to express ψt,n and W f (t,n) in the graph Fourier basis, the l.h.s. of the above becomes

1
C g

∞∫

0

1
t

∑

n

(∑

ℓ

g(tλℓ)χℓ(n) f̂ (ℓ)
∑

ℓ′
g(tλℓ′)χ∗

ℓ′(n)χℓ′(m)

)
dt

= 1
C g

∞∫

0

1
t

(∑

ℓ,ℓ′
g(tλℓ′)g(tλℓ) f̂ (ℓ)χℓ′(m)

∑

n

χ∗
ℓ′(n)χℓ(n)

)
dt (29)

The orthonormality of the χℓ implies
∑

n χ∗
ℓ′ (n)χℓ(n) = δℓ,ℓ′ , inserting this above and summing over ℓ′ gives

= 1
C g

∑

ℓ

( ∞∫

0

g2(tλℓ)

t
dt

)

f̂ (ℓ)χℓ(m) (30)

If g satisfies the admissibility condition, then the substitution u = tλℓ shows that
∫ g2(tλℓ)

t dt = C g independent of ℓ, except
for when λℓ = 0 at ℓ = 0 when the integral is zero. The expression (30) can be seen as the inverse Fourier transform
evaluated at vertex m, where the ℓ = 0 term is omitted. This omitted term is exactly equal to ⟨χ0, f ⟩χ0 = f̂ (0)χ0, which
proves the desired result. ✷

Note that for the non-normalized Laplacian, χ0 is constant on every vertex and f # above corresponds to removing the
mean of f . Formula (28) shows that the mean of f may not be recovered from the zero-mean wavelets. The situation is
different from the analogous reconstruction formula (4) for the CWT, which shows the somewhat counterintuitive result

h(�) g(s4�)g(s3�)

Choose kernels to 
make total energy 

almost flat 
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Spectral Graph Wavelet Dictionaries
• Recall

: Matrix functiong(�) : Scalar function g(L) = U g(⇤) UT

D = [h(L) g(s1L) . . . g(sJL)]

h(�)
g(sj�)

Scaling function

Wavelets
Wavelet dictionary:

• Graph signals can be sparsely represented over D

[ [ [[[y = D x [
Dm

j
= Umĝj(⇤m)(Um)T 2 RNm⇥Nm where Lm = Um⇤m(Um)T .

The different columns (atoms) of a subdictionary represent the signals obtained by

localizing the graph kernel at different nodes; e.g., the nth column of the subdictionary

represents a graph kernel localized at node n. In Figure 3.1, a low-pass (lp) graph

kernel is localized on different graph nodes.

(a) ĝlp(L)�n1 (b) ĝlp(L)�n2

(c) ĝlp(L)�n3

Figure 3.1: Three atoms of a subdictionary are illustrated. These atoms are generated

from the same low-pass graph kernel by localizing it on different graph nodes. The

graph nodes are shown with black boxes.

A structured dictionary is a concatenation of J subdictionaries:

Dm =
h
Dm

1 Dm

2 · · · Dm

J

i
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Dm

j
= Umĝj(⇤m)(Um)T 2 RNm⇥Nm where Lm = Um⇤m(Um)T .

The different columns (atoms) of a subdictionary represent the signals obtained by

localizing the graph kernel at different nodes; e.g., the nth column of the subdictionary

represents a graph kernel localized at node n. In Figure 3.1, a low-pass (lp) graph

kernel is localized on different graph nodes.

(a) ĝlp(L)�n1 (b) ĝlp(L)�n2

(c) ĝlp(L)�n3

Figure 3.1: Three atoms of a subdictionary are illustrated. These atoms are generated

from the same low-pass graph kernel by localizing it on different graph nodes. The

graph nodes are shown with black boxes.

A structured dictionary is a concatenation of J subdictionaries:

Dm =
h
Dm

1 Dm

2 · · · Dm

J

i

31

Sparse coefficient vector

In Figure 3.2, three different sub-dictionary atoms are illustrated, which are generated

from a low-pass (lp) kernel and two different band-pass (bp) kernels when the kernels

are localized on the same node n.

(a) ĝlp(L)�n (b) ĝbp1(L)�n

(c) ĝbp2(L)�n

Figure 3.2: Three different sub-dictionary atoms which are localized on the same

node n are illustrated. The sub-dictionaries generated from (a) a low-pass kernel and

(b), (c) two different band-pass kernels.

3.2 Graph Signal Model

We begin with describing how we model the graph signal Y m on graph m, which

allows us to better motivate the proposed method. We consider a setting with in-

dependently constructed multiple graphs G1,G2, . . . ,GM where each graph Gm =

(Vm, Em,Wm), for m = 1, 2, ...M is undirected, connected and weighted with edges

32
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• Analysis of data on networks: (Movement along 
transportation networks, spread of epidemics, …)146 D.K. Hammond et al. / Appl. Comput. Harmon. Anal. 30 (2011) 129–150

Fig. 4. Spectral graph wavelets on Minnesota road graph, with K = 100, J = 4 scales. (a) Vertex at which wavelets are centered, (b) scaling function,
(c)–(f) wavelets, scales 1–4.

defined on both hemispheres. For future work we plan to investigate the use of these cortical graph wavelets for use in
regularization and denoising of functional MRI data.

A final interesting application for the spectral graph wavelet transform is the construction of wavelets on irregularly
shaped domains. As a representative example, consider that for some problems in physical oceanography one may need to
manipulate scalar data, such as water temperature or salinity, that is only defined on the surface of a given body of water.
In order to apply wavelet analysis for such data, one must adapt the transform to the potentially very complicated boundary
between land and water. The spectral wavelets handle the boundary implicitly and gracefully. As an illustration we examine
the spectral graph wavelets where the domain is determined by the surface of a lake.

For this example the lake domain is given as a mask defined on a regular grid. We construct the corresponding weighted
graph having vertices that are grid points inside the lake, and retaining only edges connecting neighboring grid points inside
the lake. We set all edge weights to unity. The corresponding graph Laplacian is thus exactly the 5-point stencil (13) for
approximating the continuous operator −∇2 on the interior of the domain; while at boundary points the graph Laplacian
is modified by the deletion of edges leaving the domain. We show an example wavelet on lake Geneva in Fig. 6. Shoreline
data was taken from the GSHHS database [56] and the lake mask was created on a 256 × 153 pixel grid using an azimuthal
equidistant projection, with a scale of 232 meters/pixel. The wavelet displayed is from the coarsest wavelet scale, using the
generating kernel described in Section 8.1 with parameters K = 100 and J = 5 scales.

For this type of domain derived by masking a regular grid, one may compare the wavelets with those obtained by simply
truncating the wavelets derived from a large regular grid. As the wavelets have compact support, the true and truncated
wavelets will coincide for wavelets located far from the irregular boundary. As can be seen in Fig. 6, however, they are
quite different for wavelets located near the irregular boundary. This comparison gives direct evidence for the ability of the
spectral graph wavelets to adapt gracefully and automatically to the arbitrarily shaped domain.

We remark that the regular sampling of data within the domain may be unrealistic for problems where data are collected
at irregularly placed sensor locations. The spectral graph wavelet transform could also be used in this case by constructing
a graph with vertices at the sensor locations, however we have not considered such an example here.

Spectral Graph Wavelets on Minnesota road graph [Hammond, 2011] 



• Analysis/Denoising of  functional MRI data, based 
on brain connectivity network models
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Spectral Graph Wavelets: Applications
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Fig. 5. Spectral graph wavelets on cerebral cortex, with K = 50, J = 4 scales. (a) ROI at which wavelets are centered, (b) scaling function, (c)–(f) wavelets,
scales 1–4.

Fig. 6. Spectral graph wavelets on lake Geneva domain (spatial map (a), contour plot (c)); compared with truncated wavelets from graph corresponding to
complete mesh (spatial map (b), contour plot (d)). Note that the graph wavelets adapt to the geometry of the domain.

Spectral Graph Wavelets on cerebral cortex [Hammond, 2011] 



• Domain adaptation on graphs: 
[Pilavcı, 2019]
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Adaptive Representations

y: Signal,      D: Dictionary,     x: Sparse coefficients

• Classical sparse signal model:

min
D,X

kY �DXk2 + �kXk1

• Classical dictionary learning problem:

D = [D1 D2 . . . DJ ]

Dj = U ⌃j UT :   j-th subdictionary

Learning D = Learning        ‘s⌃j

• Dictionaries must be 
adapted to graph topology:

• Dictionary learning for graph signals:
y: Graph signal,  D: Dictionary,  x: Sparse coefficientsy = D x

[ [ [[[y = D x [
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Graph Dictionary Learning

• Non-parametric dictionary learning [Zhang, 2012]: 

‣ Learn       ’s as nonparametric diagonal matrices⌃j

D = [D1 D2 . . . DJ ] Dj = U ⌃j UT :   j-th subdictionary

⌃j = gj(�) =
X

k

↵jk�k

min
X,↵

kY �DXk2 + �k↵k2

s.t. Dj =
X

k

↵jk Lk, kXk0  T

• Parametric dictionary learning [Thanou, 2014]: 

‣ Learn polynomial kernels: 

‣ Solve problem:



• Aim: Estimate missing observations of 
partially observed graph signals
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Dictionary Learning from Incomplete Graph Signals

Figure 1.1: A partially observed graph signal. The missing entries are illustrated with

question marks.

In the recent years, there has been important developments towards the representation

and processing of graph signals. The main challenge in graph signal processing is that

graphs have irregular structures, which makes it difficult to perform even very simple

tasks, such as the translation of a signal on the graph. Several important works in

the recent years have focused on the extension of classical concepts such as Fourier

transform, convolution and filtering to graph domains [1], [2]. Due to these results,

just like the regular signals in traditional signal processing, graph signals can also be

represented in two domains: the vertex domain and the graph spectral domain, i.e.,

the frequency domain [3].

A common assumption in many machine learning methods is that graph signals change

smoothly on the graph and therefore, their energy is mostly concentrated at the low-

frequency part of the spectrum. However, in many applications, the frequency con-

tent of graph signals can concantrate on different parts of the spectrum as illustrated

in Figure 1.2. This makes it hard to estimate the missing observations.

2

• Observation: Natural graph signals often contain components 
concentrated at different parts of the spectrum: 
‣ Example: Meteorological signals (wind speed measurements)

2021 IEEE INTERNATIONAL WORKSHOP ON MACHINE LEARNING FOR SIGNAL PROCESSING, OCT. 25–28, 2021, GOLD COAST, AUSTRALIA

ESTIMATING PARTIALLY OBSERVED GRAPH SIGNALS BY LEARNING SPECTRALLY
CONCENTRATED GRAPH KERNELS

Anonymous

Anonymous

ABSTRACT

Graph models provide flexible tools for the representation and analy-
sis of signals defined over irregular domains such as social or sensor
networks. However, in real applications data observations are often
not available over the whole graph, due to practical problems such as
sensor failure or connection loss. In this paper, we study the estima-
tion of partially observed graph signals on multiple graphs. We learn
a sparse representation of partially observed graph signals over spec-
trally concentrated graph dictionaries. Our dictionary model consists
of several sub-dictionaries each of which is generated from a Gaus-
sian kernel centered at a certain graph frequency in order to cap-
ture a particular spectral component of the graph signals at hand.
The problem of jointly learning the spectral kernels and the sparse
codes is solved with an alternating optimization approach. Finally,
the incomplete entries of the given graph signals are estimated using
the learnt dictionaries and the sparse coefficients. Experimental re-
sults on synthetic and real graph data sets suggest that the proposed
method yields promising performance in comparison to reference
solutions.

Index Terms— Graph dictionary learning, graph signal process-
ing, sparse representations, graph kernels, multiple graph domains

1. INTRODUCTION

Graph models have recently become popular for the analysis of data
sets where the underlying topological structure is known to carry
important information for understanding the data, such as in energy,
transportation, social and sensor networks. Representing such net-
works with graphs, one can model the data samples observed on
the networks as graph signals, e.g., the temperature measurements
taken over a sensor network constitute a graph signal. Meanwhile,
in many practical applications, data observations are not available
over all graph nodes due to issues such as sensor failure, connection
loss, or unavailable information of network users. The estimation of
the missing entries of a partially observed graph signal is a problem
that is relevant to a variety of applications, such as the completion
of partially observed measurements on sensor networks, or the in-
ference of the unavailable tendencies of social network users from
available ones. In this paper, we consider the problem of estimating
partially observed graph signals by learning models that can iden-
tify important spectral characteristics of graph signal sets from their
incomplete observations.

The estimation of the unavailable entries of a graph signal from
the known ones is a well-studied problem in the graph-based semi-
supervised learning (SSL) literature [1], [2], [3]. These classical
methods assume that graph signals vary on the graph smoothly, and
hence, their spectra mainly contain low-frequencies. However, in
practice graphs may often include a small, isolated group of nodes

Fig. 1. A graph signal consisting of wind speed measurements from
the Molène data set [4] is illustrated along with its graph Fourier
transform. The signal spectrum is observed to contain mid-range
and high frequencies as well as low frequencies.

over which the graph signals may have different characteristics from
the rest of the nodes. This typically creates mid-frequency or high-
frequency components in the observed graph signals. For instance,
in a sensor network that takes temperature measurements in a large
geographical region, certain global characteristics of measurements
such as cold weather in winter (i.e., macro-climate) will vary slowly
over the whole graph. On the other hand, in some small and isolated
regions like lakeside or mountainous regions, the climate may vary
locally and rapidly (i.e., micro-climate), leading to high frequency
components in the signal spectra. The spectrum of a meteorological
graph signal is illustrated in Figure 1. Similarly, in a social network,
a small and isolated group of users may share interests that may be
different from the larger community they live in, again contributing
to mid- or high-frequency components in the spectrum.

In this study, propose to model different components of the
graph signal spectrum with different graph signal prototypes, or
atoms, that concentrate over a certain region of the spectrum. Our
approach is based on first learning spectrally concentrated graph
dictionaries from partial observations of graph signals, after which
the initially unknown signal values can be reconstructed based on
the learnt dictionary models and the sparse coefficients. As we
formulate the dictionary learning problem in the spectral domain,
our algorithm has the flexibility of using data sets acquired possibly
on multiple graphs, since dictionary representations in the spectral
domain fully provide the information required for generating atoms
on any graph.

The problem of dictionary learning on graphs has been stud-
ied in several previous works before. In [5] graph dictionaries are
learnt in a nonparametric form based on traditional sparsity priors.
The studies in [6] and [7] formulate the graph dictionary learning
problem through the computation of polynomial spectral kernels, re-
sulting in well-localized graph atoms in the vertex domain. These
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• Idea: Learn narrowband kernels that fit to different components of 
the signal spectrum [Turhan, 2021]
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D = [D1 D2 . . . DJ ]

Dj = U ⌃j UT :   j-th subdictionary

⌃j = gj(�) : Choose as narrowband Gaussian kernels. 
  Learn kernel parameters from data
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The problem of jointly learning the spectral kernels and the sparse
codes is solved with an alternating optimization approach. Finally,
the incomplete entries of the given graph signals are estimated using
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solutions.
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1. INTRODUCTION

Graph models have recently become popular for the analysis of data
sets where the underlying topological structure is known to carry
important information for understanding the data, such as in energy,
transportation, social and sensor networks. Representing such net-
works with graphs, one can model the data samples observed on
the networks as graph signals, e.g., the temperature measurements
taken over a sensor network constitute a graph signal. Meanwhile,
in many practical applications, data observations are not available
over all graph nodes due to issues such as sensor failure, connection
loss, or unavailable information of network users. The estimation of
the missing entries of a partially observed graph signal is a problem
that is relevant to a variety of applications, such as the completion
of partially observed measurements on sensor networks, or the in-
ference of the unavailable tendencies of social network users from
available ones. In this paper, we consider the problem of estimating
partially observed graph signals by learning models that can iden-
tify important spectral characteristics of graph signal sets from their
incomplete observations.

The estimation of the unavailable entries of a graph signal from
the known ones is a well-studied problem in the graph-based semi-
supervised learning (SSL) literature [1], [2], [3]. These classical
methods assume that graph signals vary on the graph smoothly, and
hence, their spectra mainly contain low-frequencies. However, in
practice graphs may often include a small, isolated group of nodes

Fig. 1. A graph signal consisting of wind speed measurements from
the Molène data set [4] is illustrated along with its graph Fourier
transform. The signal spectrum is observed to contain mid-range
and high frequencies as well as low frequencies.

over which the graph signals may have different characteristics from
the rest of the nodes. This typically creates mid-frequency or high-
frequency components in the observed graph signals. For instance,
in a sensor network that takes temperature measurements in a large
geographical region, certain global characteristics of measurements
such as cold weather in winter (i.e., macro-climate) will vary slowly
over the whole graph. On the other hand, in some small and isolated
regions like lakeside or mountainous regions, the climate may vary
locally and rapidly (i.e., micro-climate), leading to high frequency
components in the signal spectra. The spectrum of a meteorological
graph signal is illustrated in Figure 1. Similarly, in a social network,
a small and isolated group of users may share interests that may be
different from the larger community they live in, again contributing
to mid- or high-frequency components in the spectrum.

In this study, propose to model different components of the
graph signal spectrum with different graph signal prototypes, or
atoms, that concentrate over a certain region of the spectrum. Our
approach is based on first learning spectrally concentrated graph
dictionaries from partial observations of graph signals, after which
the initially unknown signal values can be reconstructed based on
the learnt dictionary models and the sparse coefficients. As we
formulate the dictionary learning problem in the spectral domain,
our algorithm has the flexibility of using data sets acquired possibly
on multiple graphs, since dictionary representations in the spectral
domain fully provide the information required for generating atoms
on any graph.

The problem of dictionary learning on graphs has been stud-
ied in several previous works before. In [5] graph dictionaries are
learnt in a nonparametric form based on traditional sparsity priors.
The studies in [6] and [7] formulate the graph dictionary learning
problem through the computation of polynomial spectral kernels, re-
sulting in well-localized graph atoms in the vertex domain. These
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Fig. 1. Scaling function h(λ) (blue curve), wavelet generating kernels g(t jλ), and sum of squares G (black curve), for J = 5 scales, λmax = 10, K = 20. Details
in Section 8.1. (For interpretation of colors in this figure, the reader is referred to the web version of this article.)

5.1. Continuous SGWT inverse

In order for a particular transform to be useful for signal processing, and not simply signal analysis, it must be possible
to reconstruct a signal corresponding to a given set of transform coefficients. We will show that the spectral graph wavelet
transform admits an inverse formula analogous to (4) for the continuous wavelet transform.

Intuitively, the wavelet coefficient W f (t,n) provides a measure of “how much of” the wavelet ψt,n is present in the
signal f . This suggests that the original signal may be recovered by summing the wavelets ψt,n multiplied by each wavelet
coefficient W f (t,n). The reconstruction formula below shows that this is indeed the case, subject to a non-constant weight
dt/t .

Lemma 5.1. If the SGWT kernel g satisfies the admissibility condition

∞∫

0

g2(x)
x

dx = C g < ∞ (27)

and g(0) = 0, then

1
C g

N∑

n=1

∞∫

0

W f (t,n)ψt,n(m)
dt
t

= f #(m) (28)

where f # = f − ⟨χ0, f ⟩χ0 . In particular, the complete reconstruction is then given by f = f # + f̂ (0)χ0 .

Proof. Using (24) and (26) to express ψt,n and W f (t,n) in the graph Fourier basis, the l.h.s. of the above becomes

1
C g

∞∫

0

1
t

∑

n

(∑

ℓ

g(tλℓ)χℓ(n) f̂ (ℓ)
∑

ℓ′
g(tλℓ′)χ∗

ℓ′(n)χℓ′(m)

)
dt

= 1
C g

∞∫

0

1
t

(∑

ℓ,ℓ′
g(tλℓ′)g(tλℓ) f̂ (ℓ)χℓ′(m)

∑

n

χ∗
ℓ′(n)χℓ(n)

)
dt (29)

The orthonormality of the χℓ implies
∑

n χ∗
ℓ′ (n)χℓ(n) = δℓ,ℓ′ , inserting this above and summing over ℓ′ gives

= 1
C g

∑

ℓ

( ∞∫

0

g2(tλℓ)

t
dt

)

f̂ (ℓ)χℓ(m) (30)

If g satisfies the admissibility condition, then the substitution u = tλℓ shows that
∫ g2(tλℓ)

t dt = C g independent of ℓ, except
for when λℓ = 0 at ℓ = 0 when the integral is zero. The expression (30) can be seen as the inverse Fourier transform
evaluated at vertex m, where the ℓ = 0 term is omitted. This omitted term is exactly equal to ⟨χ0, f ⟩χ0 = f̂ (0)χ0, which
proves the desired result. ✷

Note that for the non-normalized Laplacian, χ0 is constant on every vertex and f # above corresponds to removing the
mean of f . Formula (28) shows that the mean of f may not be recovered from the zero-mean wavelets. The situation is
different from the analogous reconstruction formula (4) for the CWT, which shows the somewhat counterintuitive result

Predefined dictionaries 
 (e.g. graph wavelets)

Dictionary Learning from Incomplete Graph Signals



Dictionary Learning from Incomplete Graph Signals

µj

sj

• Spectrally concentrated graph dictionary learning 
algorithm [Turhan, 2021]

• Optimization problem:

min
X,µ,s

kS Y � S D(µ, s)Xk2 + �1kXk1 + �2R(µ, s)

µ = [µ1 . . . µJ ]
s = [s1 . . . sJ ]

Learn:

�



Signal Estimation Performance: Adaptive 
vs. Predefined Representations
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More elaborate techniques…?

• Transform-domain representations: GFT 

• Frames, off-the-shelf dictionaries: SGWT 

• Adaptive linear representations: Dictionary learning 
for graph signals 

• Richer nonlinear models?

30



Extending neural networks to graphs 

• Classical CNN setting:

31

X

…Z2 = �(W2 Z1)Z1 = �(W1 X)

https://www.researchgate.net/

• Graph CNN setting: Input X has an underlying graph topology 
‣ Document classification in citation networks 
‣ Web page classification  



Possible outputs: 
‣ Node class labels 
‣ Graph class labels 
‣ …

32

X = [X1 X2 ... XK ] 2 RN⇥K
Feature vectors

Graph CNN

Graph 
CNN

• Question: How to incorporate the information of the graph 
topology in the learnt representation?

• Solution: Formulate the convolution operation as a graph filter  



ChebNet [Defferrard, 2016]
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Classification
Fully connected layers

Feature extraction
Convolutional layers

Input graph signals
e.g. bags of words

Output signals
e.g. labels

Graph signal filtering
1. Convolution

2. Non-linear activation

Graph coarsening
3. Sub-sampling
4. Pooling

Figure 1: Architecture of a CNN on graphs and the four ingredients of a (graph) convolutional layer.

(NN) graphs, leading to a linear complexity w.r.t the input data size n. Moreover, this
method avoids the Fourier basis altogether, thus the expensive eigenvalue decomposition
(EVD) necessary to compute it as well as the need to store the basis, a matrix of size n2.
That is especially relevant when working with limited GPU memory. Besides the data, our
method only requires to store the Laplacian, a sparse matrix of |E| non-zero values.

4. Efficient pooling. We propose an efficient pooling strategy on graphs which, after a rear-
rangement of the vertices as a binary tree structure, is analog to pooling of 1D signals.

5. Experimental results. We present multiple experiments that ultimately show that our for-
mulation is (i) a useful model, (ii) computationally efficient and (iii) superior both in accu-
racy and complexity to the pioneer spectral graph CNN introduced in [4]. We also show
that our graph formulation performs similarly to a classical CNNs on MNIST and study the
impact of various graph constructions on performance. The TensorFlow [1] code to repro-
duce our results and apply the model to other data is available as an open-source software.1

2 Proposed Technique
Generalizing CNNs to graphs requires three fundamental steps: (i) the design of localized convolu-
tional filters on graphs, (ii) a graph coarsening procedure that groups together similar vertices and
(iii) a graph pooling operation that trades spatial resolution for higher filter resolution.

2.1 Learning Fast Localized Spectral Filters

There are two strategies to define convolutional filters; either from a spatial approach or from a
spectral approach. By construction, spatial approaches provide filter localization via the finite size
of the kernel. However, although graph convolution in the spatial domain is conceivable, it faces
the challenge of matching local neighborhoods, as pointed out in [4]. Consequently, there is no
unique mathematical definition of translation on graphs from a spatial perspective. On the other
side, a spectral approach provides a well-defined localization operator on graphs via convolutions
with a Kronecker delta implemented in the spectral domain [31]. The convolution theorem [22]
defines convolutions as linear operators that diagonalize in the Fourier basis (represented by the
eigenvectors of the Laplacian operator). However, a filter defined in the spectral domain is not
naturally localized and translations are costly due to the O(n2) multiplication with the graph Fourier
basis. Both limitations can however be overcome with a special choice of filter parametrization.

Graph Fourier Transform. We are interested in processing signals defined on undirected and
connected graphs G = (V, E ,W ), where V is a finite set of |V| = n vertices, E is a set of edges and
W 2 Rn⇥n is a weighted adjacency matrix encoding the connection weight between two vertices.
A signal x : V ! R defined on the nodes of the graph may be regarded as a vector x 2 Rn

where xi is the value of x at the ith node. An essential operator in spectral graph analysis is the
graph Laplacian [6], which combinatorial definition is L = D�W 2 Rn⇥n where D 2 Rn⇥n is the

1https://github.com/mdeff/cnn_graph
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ChebNet: Feature Learning

Yj =
X

i

g✓
i,j(L)Xi• Hidden layer relation:

• Graph filter: g✓
i,j(L) = U g✓

i,j(⇤) UT L = U ⇤ UTwhere

• Challenge: U is hard to compute in big graphs!

• For faster implementation: Use Chebyshev polynomials

g✓(L) =
X

k

✓k Tk(L) Learn       ‘s✓k

• ChebNet solution: Choose polynomial kernels

g✓(⇤) =
X

k

✓k ⇤k ! g✓(L) =
X

k

✓k Lk
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ChebNet: Graph Coarsening & Pooling
Classification

Fully connected layers

Feature extraction
Convolutional layers

Input graph signals
e.g. bags of words

Output signals
e.g. labels

Graph signal filtering
1. Convolution

2. Non-linear activation

Graph coarsening
3. Sub-sampling
4. Pooling

Figure 1: Architecture of a CNN on graphs and the four ingredients of a (graph) convolutional layer.

(NN) graphs, leading to a linear complexity w.r.t the input data size n. Moreover, this
method avoids the Fourier basis altogether, thus the expensive eigenvalue decomposition
(EVD) necessary to compute it as well as the need to store the basis, a matrix of size n2.
That is especially relevant when working with limited GPU memory. Besides the data, our
method only requires to store the Laplacian, a sparse matrix of |E| non-zero values.

4. Efficient pooling. We propose an efficient pooling strategy on graphs which, after a rear-
rangement of the vertices as a binary tree structure, is analog to pooling of 1D signals.

5. Experimental results. We present multiple experiments that ultimately show that our for-
mulation is (i) a useful model, (ii) computationally efficient and (iii) superior both in accu-
racy and complexity to the pioneer spectral graph CNN introduced in [4]. We also show
that our graph formulation performs similarly to a classical CNNs on MNIST and study the
impact of various graph constructions on performance. The TensorFlow [1] code to repro-
duce our results and apply the model to other data is available as an open-source software.1

2 Proposed Technique
Generalizing CNNs to graphs requires three fundamental steps: (i) the design of localized convolu-
tional filters on graphs, (ii) a graph coarsening procedure that groups together similar vertices and
(iii) a graph pooling operation that trades spatial resolution for higher filter resolution.

2.1 Learning Fast Localized Spectral Filters

There are two strategies to define convolutional filters; either from a spatial approach or from a
spectral approach. By construction, spatial approaches provide filter localization via the finite size
of the kernel. However, although graph convolution in the spatial domain is conceivable, it faces
the challenge of matching local neighborhoods, as pointed out in [4]. Consequently, there is no
unique mathematical definition of translation on graphs from a spatial perspective. On the other
side, a spectral approach provides a well-defined localization operator on graphs via convolutions
with a Kronecker delta implemented in the spectral domain [31]. The convolution theorem [22]
defines convolutions as linear operators that diagonalize in the Fourier basis (represented by the
eigenvectors of the Laplacian operator). However, a filter defined in the spectral domain is not
naturally localized and translations are costly due to the O(n2) multiplication with the graph Fourier
basis. Both limitations can however be overcome with a special choice of filter parametrization.

Graph Fourier Transform. We are interested in processing signals defined on undirected and
connected graphs G = (V, E ,W ), where V is a finite set of |V| = n vertices, E is a set of edges and
W 2 Rn⇥n is a weighted adjacency matrix encoding the connection weight between two vertices.
A signal x : V ! R defined on the nodes of the graph may be regarded as a vector x 2 Rn

where xi is the value of x at the ith node. An essential operator in spectral graph analysis is the
graph Laplacian [6], which combinatorial definition is L = D�W 2 Rn⇥n where D 2 Rn⇥n is the

1https://github.com/mdeff/cnn_graph
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Graph signal pooling = 1-D pooling
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Figure 2: Example of Graph Coarsening and Pooling. Let us carry out a max pooling of size 4
(or two poolings of size 2) on a signal x 2 R8 living on G0, the finest graph given as input. Note
that it originally possesses n0 = |V0| = 8 vertices, arbitrarily ordered. For a pooling of size 4,
two coarsenings of size 2 are needed: let Graclus gives G1 of size n1 = |V1| = 5, then G2 of size
n2 = |V2| = 3, the coarsest graph. Sizes are thus set to n2 = 3, n1 = 6, n0 = 12 and fake nodes
(in blue) are added to V1 (1 node) and V0 (4 nodes) to pair with the singeltons (in orange), such that
each node has exactly two children. Nodes in V2 are then arbitrarily ordered and nodes in V1 and
V0 are ordered consequently. At that point the arrangement of vertices in V0 permits a regular 1D
pooling on x 2 R12 such that z = [max(x0, x1),max(x4, x5, x6),max(x8, x9, x10)] 2 R3, where
the signal components x2, x3, x7, x11 are set to a neutral value.

analog to pooling a regular 1D signal. Figure 2 shows an example of the whole process. This regular
arrangement makes the operation very efficient and satisfies parallel architectures such as GPUs as
memory accesses are local, i.e. matched nodes do not have to be fetched.

3 Related Works
3.1 Graph Signal Processing

The emerging field of GSP aims at bridging the gap between signal processing and spectral graph
theory [6, 3, 21], a blend between graph theory and harmonic analysis. A goal is to generalize
fundamental analysis operations for signals from regular grids to irregular structures embodied by
graphs. We refer the reader to [31] for an introduction of the field. Standard operations on grids
such as convolution, translation, filtering, dilatation, modulation or downsampling do not extend
directly to graphs and thus require new mathematical definitions while keeping the original intuitive
concepts. In this context, the authors of [12, 8, 10] revisited the construction of wavelet operators
on graphs and techniques to perform mutli-scale pyramid transforms on graphs were proposed in
[32, 27]. The works of [34, 25, 26] redefined uncertainty principles on graphs and showed that
while intuitive concepts may be lost, enhanced localization principles can be derived.

3.2 CNNs on Non-Euclidean Domains

The Graph Neural Network framework [29], simplified in [20], was designed to embed each node in
an Euclidean space with a RNN and use those embeddings as features for classification or regression
of nodes or graphs. By setting their transition function f as a simple diffusion instead of a neural
net with a recursive relation, their state vector becomes s = f(x) = Wx. Their point-wise output
function g✓ can further be set as x̂ = g✓(s, x) = ✓(s � Dx) + x = ✓Lx + x instead of another
neural net. The Chebyshev polynomials of degree K can then be obtained with a K-layer GNN, to
be followed by a non-linear layer and a graph pooling operation. Our model can thus be interpreted
as multiple layers of diffusions and node-local operations.
The works of [11, 7] introduced the concept of constructing a local receptive field to reduce the
number of learned parameters. The idea is to group together features based upon a measure of
similarity such as to select a limited number of connections between two successive layers. While
this model reduces the number of parameters by exploiting the locality assumption, it did not attempt
to exploit any stationarity property, i.e. no weight-sharing strategy. The authors of [4] used this
idea for their spatial formulation of graph CNNs. They use a weighted graph to define the local
neighborhood and compute a multiscale clustering of the graph for the pooling operation. Inducing
weight sharing in a spatial construction is however challenging, as it requires to select and order the
neighborhoods when a problem-specific ordering (spatial, temporal, or otherwise) is missing.
A spatial generalization of CNNs to 3D-meshes, a class of smooth low-dimensional non-Euclidean
spaces, was proposed in [23]. The authors used geodesic polar coordinates to define the convolu-
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Graph coarsening



Graph Convolutional Networks (GCN)

• Kipf and Welling (2016) simplified the ChebNet further.

36

g✓(L) =
X

k

✓k Tk(L)

• Choosing a degree-1 polynomial:

g✓(L) = ✓(I + D�1/2WD�1/2)

• Let Ã = W + I, Â = D̃�1/2ÃD̃�1/2

• A two-layer GCN becomes

Z = softmax(Â ReLU(ÂX⇥0) ⇥1)
First layer

Second layer



• Two-layer GCN [Kipf, Welling 2016]
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Graph Convolutional Networks (GCN)

Z = softmax(Â ReLU(ÂX⇥0) ⇥1)

• Practical impact of architecture: 
‣ Smooth node features across neighbors



• Two-layer GCN [Kipf, Welling 2016]

38

Graph Convolutional Networks (GCN)

Z = softmax(Â ReLU(ÂX⇥0) ⇥1)

• Practical impact of architecture: 
‣ Smooth node features across neighbors 
‣ Extract features using learnt weights



• Two-layer GCN [Kipf, Welling 2016]:

39

Graph Convolutional Networks (GCN)

Z = softmax(Â ReLU(ÂX⇥0) ⇥1)

• Practical impact of architecture: 
‣ Smooth node features across neighbors 
‣ Extract features using learnt weights 
‣ Nonlinear activation function



GCN: Many recent extensions

40

Inductive setting [Hamilton, 2017] Graph attention networks 
[Velickovic, 2018]

Simpler architectures [Wu, 2019]

Figure 1: Visual illustration of the GraphSAGE sample and aggregate approach.

recognize structural properties of a node’s neighborhood that reveal both the node’s local role in the
graph, as well as its global position.

Most existing approaches to generating node embeddings are inherently transductive. The majority
of these approaches directly optimize the embeddings for each node using matrix-factorization-based
objectives, and do not naturally generalize to unseen data, since they make predictions on nodes in a
single, fixed graph [5, 11, 23, 28, 35, 36, 37, 39]. These approaches can be modified to operate in an
inductive setting (e.g., [28]), but these modifications tend to be computationally expensive, requiring
additional rounds of gradient descent before new predictions can be made. There are also recent
approaches to learning over graph structures using convolution operators that offer promise as an
embedding methodology [17]. So far, graph convolutional networks (GCNs) have only been applied
in the transductive setting with fixed graphs [17, 18]. In this work we both extend GCNs to the task
of inductive unsupervised learning and propose a framework that generalizes the GCN approach to
use trainable aggregation functions (beyond simple convolutions).

Present work. We propose a general framework, called GraphSAGE (SAmple and aggreGatE), for
inductive node embedding. Unlike embedding approaches that are based on matrix factorization,
we leverage node features (e.g., text attributes, node profile information, node degrees) in order to
learn an embedding function that generalizes to unseen nodes. By incorporating node features in the
learning algorithm, we simultaneously learn the topological structure of each node’s neighborhood
as well as the distribution of node features in the neighborhood. While we focus on feature-rich
graphs (e.g., citation data with text attributes, biological data with functional/molecular markers), our
approach can also make use of structural features that are present in all graphs (e.g., node degrees).
Thus, our algorithm can also be applied to graphs without node features.

Instead of training a distinct embedding vector for each node, we train a set of aggregator functions
that learn to aggregate feature information from a node’s local neighborhood (Figure 1). Each
aggregator function aggregates information from a different number of hops, or search depth, away
from a given node. At test, or inference time, we use our trained system to generate embeddings for
entirely unseen nodes by applying the learned aggregation functions. Following previous work on
generating node embeddings, we design an unsupervised loss function that allows GraphSAGE to be
trained without task-specific supervision. We also show that GraphSAGE can be trained in a fully
supervised manner.

We evaluate our algorithm on three node-classification benchmarks, which test GraphSAGE’s ability
to generate useful embeddings on unseen data. We use two evolving document graphs based on
citation data and Reddit post data (predicting paper and post categories, respectively), and a multi-
graph generalization experiment based on a dataset of protein-protein interactions (predicting protein
functions). Using these benchmarks, we show that our approach is able to effectively generate
representations for unseen nodes and outperform relevant baselines by a significant margin: across
domains, our supervised approach improves classification F1-scores by an average of 51% compared
to using node features alone and GraphSAGE consistently outperforms a strong, transductive baseline
[28], despite this baseline taking ⇠100⇥ longer to run on unseen nodes. We also show that the new
aggregator architectures we propose provide significant gains (7.4% on average) compared to an
aggregator inspired by graph convolutional networks [17]. Lastly, we probe the expressive capability
of our approach and show, through theoretical analysis, that GraphSAGE is capable of learning
structural information about a node’s role in a graph, despite the fact that it is inherently based on
features (Section 5).
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To stabilize the learning process of self-attention, we have found extending our mechanism to em-
ploy multi-head attention to be beneficial, similarly to Vaswani et al. (2017). Specifically, K inde-
pendent attention mechanisms execute the transformation of Equation 4, and then their features are
concatenated, resulting in the following output feature representation:
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where k represents concatenation, ↵k
ij are normalized attention coefficients computed by the k-th

attention mechanism (ak), and Wk is the corresponding input linear transformation’s weight matrix.
Note that, in this setting, the final returned output, h0, will consist of KF

0 features (rather than F
0)

for each node.

Specially, if we perform multi-head attention on the final (prediction) layer of the network, concate-
nation is no longer sensible—instead, we employ averaging, and delay applying the final nonlinear-
ity (usually a softmax or logistic sigmoid for classification problems) until then:
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The aggregation process of a multi-head graph attentional layer is illustrated by Figure 1 (right).

2.2 COMPARISONS TO RELATED WORK

The graph attentional layer described in subsection 2.1 directly addresses several issues that were
present in prior approaches to modelling graph-structured data with neural networks:

• Computationally, it is highly efficient: the operation of the self-attentional layer can be par-
allelized across all edges, and the computation of output features can be parallelized across
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Simplifying Graph Convolutional Networks

Nonlinearity

Linear Transformation

GCN

H̄
(k)  SH

(k�1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

H̄
(k)  H̄

(k)
⇥

(k)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Predictions
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Figure 1. Schematic layout of a GCN v.s. a SGC. Top row: The GCN transforms the feature vectors repeatedly throughout K layers
and then applies a linear classifier on the final representation. Bottom row: the SGC reduces the entire procedure to a simple feature
propagation step followed by standard logistic regression.

strate that this method effectively shrinks the graph spectral
domain, resulting in a low-pass-type filter when applied to
SGC. Crucially, this filtering operation gives rise to locally
smooth features across the graph (Bruna et al., 2014).

Through an empirical assessment on node classification
benchmark datasets for citation and social networks, we
show that the SGC achieves comparable performance to
GCN and other state-of-the-art graph neural networks. How-
ever, it is significantly faster, and even outperforms Fast-
GCN (Chen et al., 2018) by up to two orders of magnitude
on the largest dataset (Reddit) in our evaluation. Finally,
we demonstrate that SGC extrapolates its effectiveness to a
wide-range of downstream tasks. In particular, SGC rivals,
if not surpasses, GCN-based approaches on text classifi-
cation, user geolocation, relation extraction, and zero-shot
image classification tasks. The code is available on Github1.

2. Simple Graph Convolution
We follow Kipf & Welling (2017) to introduce GCNs (and
subsequently SGC) in the context of node classification.
Here, GCNs take a graph with some labeled nodes as input
and generate label predictions for all graph nodes. Let
us formally define such a graph as G = (V,A), where V
represents the vertex set consisting of nodes {v1, . . . , vn},
and A 2 Rn⇥n is a symmetric (typically sparse) adjacency
matrix where aij denotes the edge weight between nodes

1https://github.com/Tiiiger/SGC

vi and vj . A missing edge is represented through aij = 0.
We define the degree matrix D = diag(d1, . . . , dn) as a
diagonal matrix where each entry on the diagonal is equal
to the row-sum of the adjacency matrix di =

P
j aij .

Each node vi in the graph has a corresponding d-
dimensional feature vector xi 2 Rd. The entire feature
matrix X 2 Rn⇥d stacks n feature vectors on top of one
another, X = [x1, . . . ,xn]>. Each node belongs to one
out of C classes and can be labeled with a C-dimensional
one-hot vector yi 2 {0, 1}C . We only know the labels of a
subset of the nodes and want to predict the unknown labels.

2.1. Graph Convolutional Networks

Similar to CNNs or MLPs, GCNs learn a new feature repre-
sentation for the feature xi of each node over multiple layers,
which is subsequently used as input into a linear classifier.
For the k-th graph convolution layer, we denote the input
node representations of all nodes by the matrix H

(k�1) and
the output node representations H

(k). Naturally, the initial
node representations are just the original input features:

H
(0) = X, (1)

which serve as input to the first GCN layer.

A K-layer GCN is identical to applying a K-layer MLP
to the feature vector xi of each node in the graph, except
that the hidden representation of each node is averaged with
its neighbors at the beginning of each layer. In each graph
convolution layer, node representations are updated in three



Conclusion
• Analysis of data on graph domains 

• Irregular topologies       Nontrivial to extend classical 
techniques
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• Challenges, new directions 
‣ Big data, large graphs        Approximate models are necessary 
‣ Generalizability: Unseen graphs, unseen nodes, dissimilar input 

topologies, …

• Perform operations in spectral domain 
‣ Filtering, Fourier transform 
‣ Linear signal models, sparse representations 
‣ Nonlinear models, graph neural networks


